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Let G be a planar graph with maximum degree ∆(G). In this paper, we prove that G
is (∆(G) + 1)-total choosable if G has no cycle of length from 4 to k and has min-
imum distance at least d∆ between triangles for (∆(G), k, d∆) = (6, 4, 1), (5, 5, 2),
(5, 6, 1), (5, 7, 0), (4, 6, 3), (4, 7, 2), (4, 10, 1).
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A t-total coloring of a graph G = (V , E) is a coloring of V ∪ E using at most t colors such that no two adjacent or incident
elements get the same color. If G admits a t-total coloring, we say that G is t-totally colorable. The total chromatic number of
G, denoted by χ ′′(G), is the smallest integer t such that G is t-totally colorable. It is clear that χ ′′(G) ≥ ∆(G) + 1, where
∆(G) is the maximum degree of G. Vizing [13] conjectured that χ ′′(G) ≤ ∆(G) + 2 for every graph G. This conjecture was
verified [1,8,9,12,14,15] for planar graphs with maximum degree different from 6.
A total-list-assignment of G is a mapping L that assigns to every element x ∈ V ∪ E a set of colors L(x). The graph G is
L-totally colorable if G admits a total coloring c with c(x) ∈ L(x) for any x ∈ V ∪ E. Such coloring is called an L-total coloring.
If G is L-totally colorable for any total-list-assignment L with |L(x)| ≥ t for every x ∈ V ∪ E, then G is t-totally choosable.
The list-total chromatic number of G, or total choosability of G, denoted by χ ′′l (G), is the smallest integer t such that G is t-
totally choosable. Borodin et al. [2] and Juvan et al. [7] independently conjectured that χ ′′l (G) = χ ′′(G) for every graph G.
Juvan et al. [7] conjectured that χ ′′l (G) ≤ ∆(G) + µ(G) + 1 for any multigraph G, where µ(G) is the maximum number
of edges between two vertices of G. It was proved by Hou et al. [6] that χ ′′l (G) ≤ ∆(G) + 2 for every planar graph G with
(∆(G), g(G)) ∈ {(9, 3), (5, 4)}, where g(G) is the girth of G, that is the length of a shortest cycle in G. The total choosability
of graphs has been extensively studied.
Denote by d∆(G) the minimal distance (number of edges) between triangles of G.
Two cycles are intersecting if they have at least one vertex in common. Recently, Liu et al. [10] proved that every planar
graph G with maximum degree ∆(G) ≥ 8 and without intersecting 4-cycles is (∆(G) + 1)-totally choosable. Hou et al. [5]
proved that every planar graph Gwith maximum degree∆(G) and with no cycles of length from 4 to k is (∆(G)+ 1)-totally
choosable for (∆(G), k) ∈ {(7, 4), (6, 5), (5, 8)}. For ∆ = 6, Borodin et al. [2] proved that planar graphs of girth at least 5
are 7-totally choosable. We improve the last result as follows.
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Theorem 1. Let G be a planar graph with maximum degree ∆(G) ≤ 6. If G contains no cycle of length 4 and no intersecting
triangles, then G is 7-totally choosable.
For∆(G) = 5, Borodin et al. [2] proved that planar graphs of girth at least 6 are 6-totally choosable. Hou et al. [5] proved
that planar graphs with no cycle of length from 4 to 8 are 6-totally choosable. We improve and generalize these results as
follows.
Theorem 2. Let G be a planar graphwithmaximumdegree∆(G) ≤ 5. If G contains no cycle of length from 4 to k and no triangles
at distance less than d∆, then G is 6-totally choosable for (k, d∆) = (5, 2), (6, 1), (7, 0).
For ∆(G) = 4, Chang et al. [3] proved that planar graphs of girth at least 6 are 5-totally choosable. We present three
additional results.
Theorem 3. Let G be a planar graphwithmaximumdegree∆(G) ≤ 4. If G contains no cycle of length from 4 to k and no triangles
at distance less than d∆, then G is 5-totally choosable for (k, d∆) = (6, 3), (7, 2), (10, 1).
2. Preliminary
In this paper, we use the following notation. A d-, d+- or d−-vertex is a vertex of degree d, at least d or at most d,
respectively. The length or degree of a face f , denoted by d(f ), is the length of a boundary walk around f . In particular, a
cut-edge is counted twice. A d-, d+- or d−-face is a face of length d, at least d or at most d, respectively. Let fd(v) denote
the number of d-faces incident with a vertex v, and nd(v) the number of d-vertices adjacent to a vertex v. Define similarly
fd+(v), fd−(v), nd+(v), nd−(v). The notation f = [v1 . . . vd] means that v1, . . . , vd are the vertices on the boundary of f in
cyclic order.
Our approach for the proofs of the main theorems is the discharging method. We start with a minimum counterexample
H to each theorem. Initially, we give a weight function ω from the set of vertices and faces of H . The total charge Ω of
H is equal to

v∈V (H) ω(v) +

f∈F(H) ω(f ), where V (H) and F(H) are the vertex set and the face set of H respectively.
The weight function ω is chosen so that the total charge Ω is negative. We then design appropriate discharging rules and
redistribute charges accordingly. A newweight functionω∗ is produced. The total charge is kept fixed when the discharging
is in progress. At some stage we get a nonnegative total charge, which shows a contradiction.
A graph H is minimally non-t-totally choosable if it is not t-totally choosable but all its proper subgraphs are t-totally
choosable. Chang et al. [3] proved the following lemma.
Lemma 1. The following hold for any minimally non-t-totally choosable graph H with maximum degree ∆(H) ≤ t − 1 and
minimum degree δ(H).
(a) H is connected.
(b) If e = uv is an edge in H with d(u) ≤ t−12 , then d(u)+ d(v) ≥ t + 1. In particular, δ(H) ≥ min{ t2 , t + 1−∆(H)} and so
H has no 1-vertex when t ≥ 3.
(c) H has no even cycle v1v2 . . . v2mv1 with d(vi) ≤ min{ t−12 , t + 1−∆(H)} for each odd i.
Let H be a minimally non-t-totally choosable graph H with maximum degree ∆(H) ≤ t − 1. By Lemma 1 (b), for t ≥ 5
every 2-vertex is adjacent to two∆(H)-vertices. LetH2 be the subgraph induced by the edges incident with the 2-vertices of
H . First, if∆(H) ≥ 3, Lemma 1 implies that no two 2-vertices are adjacent, and hence every cycle of H2 has an even number
of vertices. Moreover, the 2-vertices of H2 are alternating with some ∆(H)-vertices in H2, which is forbidden by Lemma 1
(c). Hence, H2 is a forest. In each component T of H2, the leaves of T are all∆(H)-vertices in H . We may consider T as a tree
rooted at some ∆(H)-vertex. Note that the 2-vertices of T are exactly the 2-vertices of H2. In T , any 2-vertex v has exactly
one childw. We callw themaster of v and v the dependent ofw. Notice that this correspondence between a dependent and
its master is one-to-one in H .
The following claim appeared in [4] and will be used in the proofs.
Claim 1. Let H be a connected planar graph without cycles of length from 4 to k(k ≥ 4). If H contains a cycle of length at least
k+ 1, then H admits an embedding in the plane such that every face is of length 3 or at least k+ 1.
Proof of Theorem 1. Suppose the theorem is false. Let H = (V , E) be a minimum counterexample. Juvan et al. [7] proved
that planar graphs with maximum degree at most 3 are 5-totally choosable, thus H is a minimally non-7-totally choosable
graph with maximum degree 4, 5 or 6. Note that Hou et al. [6] proved that planar graphs with maximum degree 5 and
with no cycle of length 4 are 7-totally choosable. For completeness, we shall prove all cases together. Lemma 1 implies that
δ(H) ≥ 2, any 2-vertex is adjacent to two 6-vertices, and any 3-vertex is adjacent to three 5+-vertices in H . In particular,
δ(H) = 4 whenever∆(H) = 4.
Fix a plane drawing of H and let F be the face set of H . Note that H has no face of length 4. The initial charge of a vertex
v of H is ω(v) = 2d(v)− 6. The initial charge of a face f of H is ω(f ) = d(f )− 6. By Euler’s formula, the total charge of the
vertices and faces of H is equal to
v∈V
(2d(v)− 6)+

f∈F
(d(f )− 6) = −6(|V | − |E| + |F |) = −12.
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Discharging rule 1. Every 2-vertex receives charge 2 from its master.
Discharging rule 2. Suppose that f = [v1v2v3] is a 3-face with d(v1) ≤ d(v2) ≤ d(v3). We use (d(v1), d(v2), d(v3)) →
(c1, c2, c3) to denote that the vertex vi sends charge ci to f for i = 1, 2, 3.
• (3−, 5+, 5+)→ (0, 32 , 32 ).
• (4+, 4+, 4+)→ (1, 1, 1).
Discharging rule 3. Every 4+-vertex sends charge 13 to each incident 5-face.
Let γ (v → x) denote the amount of charge vertex v sends to an incident face or to an adjacent vertex x according to the
above rules.
Let f ∈ F . Clearly, d(f ) ≠ 4 andω∗(f ) = ω(f ) ≥ 0 if d(f ) ≥ 6. Suppose that f = [v1v2v3] is a 3-facewith d(v1) ≤ d(v2) ≤
d(v3). Initially, ω(f ) = −3. If d(v1) ≤ 3, then d(v2), d(v3) ≥ 5 by Lemma 1 (b). So γ (v2 → f ) = γ (v3 → f ) = 32 . Thus
ω∗(f ) = ω(f )+ 2 · 32 = 0. If d(v1) ≥ 4, then d(vi) ≥ 4 and so γ (vi → f ) = 1 for i = 1, 2, 3. Thus ω∗(f ) = ω(f )+ 3 · 1 = 0.
Suppose that f = [v1v2v3v4v5] is a 5-face. Then at least three vertices incident with f are 4+-vertices, for otherwise there
are two adjacent 3−-vertices, a contradiction to Lemma 1 (b). Note that ω(f ) = −1. Thus ω∗(f ) ≥ ω(f )+ 3 · 13 = 0.
Let v ∈ V . If d(v) = 2, then ω(v) = −2 and if u is the master of v, then γ (u → v) = 2. Thus ω∗(v) = ω(v) + 2 = 0.
If d(v) = 3, then ω∗(v) = ω(v) = 0. If d(v) = 4, then ω(v) = 2 and v is incident with at most one 3-face.
Thus ω∗(v) ≥ ω(v) − 1 − 3 · 13 = 0. If d(v) = 5, then ω(v) = 4 and v is incident with at most one 3-face. Thus
ω∗(v) ≥ ω(v) − 32 − 4 · 13 > 0. If d(v) = 6, then ω(v) = 6, v plays as a master for at most once and v is incident
with at most one 3-face. Thus ω∗(v) ≥ ω(v)− 2− 32 − 5 · 13 > 0.
In summary, the final total charge is nonnegative. But the discharging rules do not change the value of the total charge,
a contradiction to the fact that the initial total charge is negative. 
Proof of Theorem 2. The following lemma was proved in [11].
Lemma 2. In a minimally non-6-totally choosable graph H with maximum degree∆(H) ∈ {4, 5}, any 3-vertex is adjacent to at
most one 3-vertex.
Suppose one of the three cases of the theorem is false. LetH = (V , E) be aminimum counterexample chosen tominimize
∆(H) andwith no cycle of length between 4 and k. Juvan et al. [7] proved that planar graphswithmaximumdegree atmost 3
are 5-totally choosable, thusH is a minimally non-6-totally choosable graphwithmaximum degree 4 or 5. Lemma 1 implies
that δ(H) ≥ 2, any 2-vertex is adjacent to two∆(H)-vertices, and any 3-vertex is adjacent to at least two 4+-vertices in H
by Lemma 2.
Consider an endblock B of H , that is a maximal 2-connected subgraph of H containing at most one cut vertex of H . By
Lemma 1, B is neither K2 nor of order 3, hence B contains a cycle of length at least k+ 1. Fix a plane drawing of H in which
all faces have length 3 or at least k+ 1, which is possible by Claim 1. Let F be the face set of H . The initial charge of a vertex
v of H is ω(v) = k−12 · d(v) − (k + 1). The initial charge of a face f of H is ω(f ) = d(f ) − (k + 1). By Euler’s formula, the
total charge of the vertices and faces of H is equal to
v∈V

k− 1
2
· d(v)− (k+ 1)

+

f∈F
(d(f )− (k+ 1)) = −(k+ 1)(|V | − |E| + |F |) = −2(k+ 1) < 0.
A (d1, d2, . . . , dk)-face is a face [v1, v2, . . . , vk] where vi is a di-vertex. A 3-vertex v incident with a (3, 3, 4+)-face f is
called aweak vertex. The vertex u adjacent to v outside f is called the special vertex of v. Note that d(u) ≥ 4 by Lemma 2. Let
γ (v → x) denote the amount of charge vertex v sends to an incident face or an adjacent vertex x according to the following
rules.
Discharging rule 1. Every 2-vertex receives charge 2 from its master.
Discharging rule 2. Every (k+ 1)+-face f gives charge 1 to every 3-face sharing a 2-vertex with f .
Discharging rule 3. Every weak 3-vertex receives charge 12 from its special vertex.
Discharging rule 4. Every weak 3-vertex gives charge k−42 ≥ 1 to every incident triangle.
Discharging rule 5. Every 3-vertex that is not weak gives charge k−52 to every incident triangle.
Discharging rule 6. Every 4+-vertex gives charge 2 to every incident triangle.
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Suppose f is a d-face. If d = 3, then ω(f ) = 3 − (k + 1) ≥ −5. Suppose f = [v1v2v3] with d(v1) ≤ d(v2) ≤ d(v3). If
d(v2) ≥ 4, then γ (v2 → f ) = γ (v3 → f ) = 2. If d(v1) = 2, then the face sharing v1 with f is a (k + 1)+-face that gives
charge 1 to f . Otherwise, γ (v1 → f ) ≥ k−52 . Thusω∗(f ) ≥ ω(f )+min{1, k−52 }+2·2 = 7−k2 ≥ 0. Assume d(v1) = d(v2) = 3,
that is v1, v2 are weak vertices, then γ (v1 → f ) = γ (v2 → f ) = k−42 , and d(v3) ≥ 4 by Lemma 2 so that γ (v3 → f ) = 2.
Thus ω∗(f ) ≥ ω(f )+ 2+ 2 · k−42 = 0. H has no face of length from 4 to k. Suppose d(f ) ≥ k+ 1.
If no cycle in the boundary of f is of length at least k + 1, then ω∗(f ) = ω(f ) = d(f ) − (k + 1) ≥ 0. Let C
be a cycle in the boundary of f of length ℓ ≥ k + 1. If p out of ℓ vertices of C are 2-vertices incident with a 3-face,
then besides C there is in H also a cycle of length ℓ − p ≥ k + 1. Since 3-faces sharing a 2-vertex with C are in 1–1
correspondence to shared 2-vertices, the total charge sent out from f by the discharging rule 2 is at most d(f )− (ℓ− p), and
so ω∗(f ) ≥ d(f )− (k+ 1)− (d(f )− (ℓ− p)) = ℓ− p− (k+ 1) ≥ 0.
Suppose v is a d-vertex. If d = 2 then ω(v) = −2 and v receives charge 2 from its master, so ω∗(v) = ω(v)+ 2 = 0. If
d = 3, then ω(v) = k−52 . If v is a weak vertex, then γ (u → v) = 12 and γ (v → f ) = k−42 where u is the special vertex of v
and f is the unique 3-face incident with v. Thusω∗(v) ≥ k−52 + 12 − k−42 = 0. If v is not a weak vertex, then γ (v → f ) = k−52
for a unique possible 3-face f incident with v. Thus ω∗(v) ≥ k−52 − k−52 = 0. Assume d ≥ 4. Let s(v) be the number of
3-vertices that have v for special vertex and f3(v) the number of 3-faces incident with v. Recall that ∆(H) = 5 whenever
δ(H) = 2.
Case 1. (k, d∆(H)) = (5, 2). If d = 4, then ω(v) = 2, f3(v) ≤ 1 and s(v) = 0 whenever f3(v) = 1. Thus ω∗(v) ≥
ω(v) − max{2, 4 · 12 } = 0. If d = 5, then ω(v) = 4, f3(v) ≤ 1 and s(v) = 0 whenever f3(v) = 1. Moreover, s(v) ≤ 4
whenever n2(v) ≥ 1. Thus ω∗(v) ≥ ω(v)−max{2+ 2, 2+ 4 · 12 , 5 · 12 } = 0.
Case 2. (k, d∆(H)) = (6, 1). If d = 4, then ω(v) = 3, f3(v) ≤ 1 and s(v) ≤ 4− 2 · f3(v). Thus ω∗(v) ≥ ω(v)−max{2+ 2 ·
1
2 , 4 · 12 } = 0. If d = 5, then ω(v) = 112 , f3(v) ≤ 1 and s(v) ≤ 5 − 2 · f3(v). Moreover, s(v) ≤ 4 whenever n2(v) ≥ 1 and
f3(v) = 0. Thus ω∗(v) ≥ ω(v)−max{2+ 2+ 3 · 12 , 2+ 4 · 12 , 5 · 12 } = 0.
Case 3. (k, d∆(H)) = (7, 0). If d = 4, then ω(v) = 4, f3(v) ≤ 2 and s(v) ≤ 4 − 2 · f3(v). Thus ω∗(v) ≥
ω(v) − max{2 · 2, 2 + 2 · 12 , 4 · 12 } = 0. If d = 5, then ω(v) = 7, f3(v) ≤ 2 and s(v) ≤ 5 − 2 · f3(v). Thus
ω∗(v) ≥ ω(v)− 2−max{2 · 2+ 12 , 2+ 3 · 12 , 5 · 12 } > 0.
In summary, the final total charge is nonnegative. But the discharging rules do not change the value of the total charge,
a contradiction to the fact that the initial total charge is negative.
Proof of Theorem 3. Suppose the theorem is false. Let H = (V , E) be a minimum counterexample. Juvan et al. [7] proved
that planar graphs with maximum degree at most 3 are 5-totally choosable, thus H is a minimally non-5-totally choosable
graph with maximum degree 4. Lemma 1 implies that δ(H) ≥ 2, and any 2-vertex is adjacent to two 4-vertices.
In a similar way as in the proof of Theorem 2, fix a plane drawing of H in which all faces have length 3 or at least k+ 1.
Let F be the face set of H . The initial charge of a vertex v of H is ω(v) = 2d(v) − 6. The initial charge of a face f of H is
ω(f ) = d(f )− 6. By Euler’s formula, the total charge of the vertices and faces of H is equal to
v∈V
(2d(v)− 6)+

f∈F
(d(f )− 6) = −6(|V | − |E| + |F |) = −12.
Let γ (v → f ) denote the amount of charge vertex v sends to an incident face f according to the following rules. 
Discharging rule 1. Every 2-vertex receives charge 2 from its master.
Discharging rule 2. Every (k+ 1)+-face f gives charge ℓ to every incident 3-face sharing ℓ edges with f .
Let γ (v → f ) denote the amount of charge vertex v sends to an incident face f according to the above rule.
Suppose f is a d-face. If d = 3, thenω(f ) = −3 and any edge of f is shared by f and by a 7+-face, soω∗(f ) = ω(f )+3·1 =
0. H has no face of length from 4 to k. For d ≥ k+ 1, define f ∗3 (d) as the maximum number of edges that a d-face can share
with some 3-faces.
Case 1. (k, d∆(H)) = (6, 3). Note that f ∗3 (7) = 1, f ∗3 (8) = 2, f ∗3 (9) = 3 and f ∗3 (d) ≤ 25 · d for d ≥ 10; for otherwise we find
two 3-faces at distance less than 3. Thus ω∗(f ) ≥ min{1− 1 · 1, 2− 2 · 1, 3− 3 · 1, d− 6− 25 · d · 1: d ≥ 10} = 0.
Case 2. (k, d∆(H)) = (7, 2). Note that f ∗3 (8) = 2, f ∗3 (9) = 3, f ∗3 (9) = 3, f ∗3 (10) = 4, f ∗3 (11) = 5 and f ∗3 (d) ≤ 12 · d for d ≥ 12;
for otherwisewe find two3-faces at distance less than2. Thusω∗(f ) ≥ min{2−2·1, 3−3·1, 4−4·1, 5−5·1, d−6− 12 ·d·1: d ≥
12} = 0.
Case 3. (k, d∆(H)) = (10, 1). Note that f ∗3 (11) = 5, f ∗3 (12) = 6, f ∗3 (13) = 7, f ∗3 (14) = 8, f ∗3 (15) = 9, f ∗3 (16) = 10,
f ∗3 (17) = 11 and f ∗3 (d) ≤ 23 · d for d ≥ 18; for otherwise we find two 3-faces at distance less than 1. Thus ω∗(f ) ≥
min{t − t · 1, d−183 : 12 ≤ t ≤ 17, d ≥ 18} = 0.
Suppose v is a d-vertex. If d = 2 then ω(v) = −2 and v receives charge 2 from its master, so ω∗(v) = ω(v)+ 2 = 0. If
d = 3, thenω∗(v) = ω(v) = 0. If d = 4, thenω(v) = 2 and v is themaster of atmost one 2-vertex, soω∗(v) ≥ ω(v)−2 = 0.
In summary, the final total charge is nonnegative. But the discharging rules do not change the value of the total charge,
a contradiction to the fact that the initial total charge is negative.
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